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ABSTRACT
Let G = (V, E) be a non empty, finite, simple graph. A dominating set of a graph G containing a minimum
dominating set of G is called a y - endowed dominating set of G. If that set is of cardinality k then it is called a ky —
endowed dominating set. k - y enresdowed graph is one in which every restrained dominating set of cardinality k
contains a minimum restrained dominating set. Consider a cycle graph G, in which a set of different paths is
attached to every vertex of the cycle. In this paper, the enresdowedness property for the unicyclic graphs with a set
of different paths attached to every vertex of the cycle is obtained.
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I.  INTRODUCTION

Let G = (V, E) be a non empty, finite, simple graph. A subset D of V(G) is called a dominating set of G if for every
v € V — D, there exists u € D such that u and v are adjacent. The minimum cardinality of the dominating set is
called the domination number and it is denoted by y(G). The restrained dominating set of a graph is a dominating
set in which every vertex in V — D is adjacent to some other vertex in V — D[6]. The minimum cardinality of the
restrained dominating set is called the restrained domination number and it is denoted by y (G). A graph is said to be
k - y. enresdowed graph if every restrained dominating set of cardinality k contains a minimum restrained
dominating set. Consider a unicyclic graph G which contains a cycle C,, , n> 3, and a set of paths P, t= 2, where
these set s, s> lof different paths are attached to each wvertex of C,.Anders Sune
Pedersen,PrebenDahlVestergaardobtained the upper and lower bounds for the number of independent sets in a
unicyclic graph in terms of its order[1].A unicyclic graph is a connected graph with a unique cycle. A unicyclic
graph is called fully loaded if every vertex on its unique cycle has degree at least three[7]. Joanna Raczek
characterize all connected unicyclic graphs with the domination multisubdivision number equal to three[2].

Il.  RESULTSON TYPE - 111 UNICYCLIC ENRESDOWED GRAPHS

Definition 2.1
Let k be a positive integer. A simple, finite, non trivial graph G = (V, E) iscalled a k - y_enresdowed graph if every

restrained dominating set of G of cardinality k contains a minimum restrained dominating set y__ of G.[5]

Definition 2.2
Let G be a unicyclicgraph C,P, , for n> 3, t= 2. Let {v;},1 <i < n be the set of vertices of C,. The graph G
contains a set of n copies of distinct paths {Pitj},l <i< nand 2 <j<s;, which are attached to each vertex

{v;},1 <i < n of the cycle C, , for n> 3. The set of vertices {v;},1 < i < n is considered as the initial vertex for
the set of all paths {Pit].}l <i< n,2<j<s;attached to each {v;},1 <i< n.

Theorem 2.3
Let G be a unicyclicgraph C,P; , for n=> 3 and t= 2. Let {v;},1 <i < n be the set of vertices of C,. The graph G
contains a set of n copies of distinct paths {Pit].}, 1<i< nand 2 <j<S§;, which are attached to each vertex {v;},

1 <i < nof the cycle C, , for n> 3, such that the cardinality of any path P, 1<i< n,2<j<S;isnot same as
any other path Pitjﬂ, for1<i< n, 2<j<S;which are attached to same v;, 1 <i < n in G. The set of vertices
{v;},1 <i < nofthe cycle C, , for n> 3 is considered as the initial vertices for the set of all paths {Pit].},l <i< n,
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2 <j <, attached to it. Let D be the minimum restrained dominating set of G, then G is k - v, enresdowed for

any k,where y <k<n+

T

2<js S5

Proof

Given G is a unicyclicgraph C,P; , for n> 3 and t= 2. Let {v;,v3, V3,....,Vj,....,Vvn}, 1 <1< n, be the set of all
vertices of the cycle C,, n= 3. Let P, be a path P,, which consist of the vertex set {u; 51 ,u;,,}, such that the
vertex uj,; = vy, P, be a path Ps, with the vertex set {u; 51 ,uy 3, , Uy 33}, Where the vertex u, 5, = vy, Py, be a
path P,, with the vertex set {uj 41 ,Uj42 , Uj43 U544} SUCh that the vertex u, 4, = v4. Without loss of generality,
consider any path Py, where P, be a path P, 2 <1 <S;, which contains the vertex set {u;;; Uz , Ugs
,....»Ug 1} Where the vertex u,;; = vy. Proceeding similarly, consider any path Preg, where the path Preg, is a path
Ps which consist of the vertex set {u; g1 ,Uys,2 » Uss,3 5----Uz 5,5, } Such that the vertex u; s ; = v;. Thus the set
of vertices {uy 21 U122 + U131 U132 5 U133, Uga1 sUgaz » Ugas Ugagseeeeeos > Ug g Ug gz o Uggz seeeensUgprseeeess Us,1
Uys,2 » Ups, 3 »--.-oUps;s, ), belongs to the paths Py Py, Py, ,...... Prgseceenn , P1tSl of G, where these sets of all
paths are attached to the vertex v, of C,,.

Without loss of generality, consider another new set of paths Py, Py, ,Pog, ..., Pagse -5 PZtszwhich are attached to the
vertex v, of C,, for n= 3. Let the path P,, be a path P,, with the vertex set {u,; ,u;,,}, where the vertex u, ,; =
v, and Py, be a path P;, which consist of the vertex set {u; 34 ,uz 3, , Uy 33}, such that the vertex u, 3, = v,. Let Py,
be a path P, with the vertex set {u, 41 ,Uj 42, Uz 43 Uz 44} Where the vertex u, 4, = v,. Without loss of generality
consider any path P,, where P,, be apath P, 2 < I < S, , with the set of vertices {u, ;; ,uz 5 , Uz 3 ..Uz}, SUCh
that the vertex u,;; = v,. Finally consider any path Patg,» where the path Pats, is a path Ps, which consist of the
vertex set {uys,1 Uzs,2 » Uzs,3 »----sUzs,s, ) SUCh that the vertex u,s,; = v,. Thus the set of vertices {u,,;

Uz22,U231 U232 » Uz33,Uz41 U242 5 U243 sU244,...... sUzi1 sUz2 5 U2g3 5eeeUp e -el2sy1 yUzs,2 5 Ups,s
,---Uz 5,5, } Which belongs to the set of paths {Pitj}, fori=2,and 2 <j<8S,.

In general, consider a new set of paths, Py,,P,,Pyq,,...... ) ST Pitsi! 1 <i < n. These paths are attached to the
vertex v;, 1 <i < nof C, for n> 3. Let P, be a path P,, with the vertex set {u; 5, ,u;,,}, such that the vertex u; »;
=vj, 1 <i< n. The path P, be a path P; which consist of the set of vertices {u;3; ,u;3 , uj33},where the vertex
Ujz; = Vi, 1<i< n. Let P, be a path P, with the vertex set {u;s; ,Uj42, Ujs3 ,Ujssa}, SUCh that the vertex
U4 = Vi, 1 < i< n. Similarly consider any path Py, where P, isapath P, 2 <1 <S;,1 <1i< n which consist
of the set of vertices {u; ;5 U2 , Uj3 5 ..., Uiz}, Such that the vertex u; ;1 = v;, 1 < i < n. Finally consider any path
Pitsi- 1 <i < n ,where the path Pitsi is a path Ps, which consist of the vertex set {u;s,1 Uis;2 » Uig;3 »-----Uis;s;
for 1 < i< n,such that the vertex u;s.; =v;, 1 < i< n. Then the set of vertices {u; »; ,u;22, Uj31 ,Ui32 , Uj33,Uj41
Uig2 5 Uiz 1Ujgqo--oUign Uige s Uiz seeeeosligioeeenens Uist sUis2 » Uis;3 » -----Ujs;s,} belongs to the set of paths
Pit, Pity Pitys- - -Pitgse oo Pig, 1 <1< m.

Proceeding similarly, consider a new set of paths in G. Let P,,, be a path P,, with the vertex set {up»; ,un2},
where the vertex uy, ,; = v,. The path P,_, be a path P;, which consist of the set of vertices {u, 3, ,up 3, , upz3}such
that the vertex up 3, = vy,. Let P, be a path P,, with the vertex set {u, 41 ,Unaz » Unas Unasa}, Where the vertex
Up41 = Vy. Proceeding similarly, consider the path P, where Py, 2 < I < S, is a path P, which contains the set of
vertices {uy ;1 ,Upe » Ungs »--...Un i} SUCh that the vertex uy, ;; = vy, . Finally, consider the path Pats, s where the
path Pats,, is a path P with the vertex set {uns 1 ,Uns 2 » Ungs,3 5 ----Uns,s,}» Where the vertex up s 4 = v,. Then
the set of vertices {unz; ,Unzz, Unzi sUnsz » Un3sUna1 Unaz » Unas sUnasse----- >Upi1 Uniz » Uiz
cesUp e eeeene Unsy1 Uns,2 » Unsys » -----Uns,s, }» Delongs to the set of paths Py, , Py, Pag,se-oo - Prgys ooveene s Patg, s
where these set of paths are attached to the vertex v, of C,,. Thus the graph G = C,P,, for n> 3 and t= 2 is obtained.

Let D be the minimum restrained dominating set of G. The set of all paths {Pitj}, 1<i< nand 2 <j<S§;will be
of any one of the following types.
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Case (i) Suppose if P, = P3p,_q, form >1,1<1i< n,wherel=2,5,8,....., then the path P, be P, where the vertex
set of Py, be {u;;; Uiz 5 Ujz 5....uy) for 1 < i < n, such that the vertex u;;; = v;. Without loss of generality,
choose the set of vertices u;;,, for 1 <i< n,1=25._8,..... for the y_ set D from the path of the type P;,,_,, for m =
1, from each u; then the set of vertices u; ;5 , for [#2 where | = 5,8,..... are dominated. Similarly choose the set of
vertices u 5, for I =35,8,..... for the v, set D, then the set of vertices uj;, , 1=5.38,.....and uje, 1 i <
n,| = 8,..... are dominated, such that the set of vertices u;;z and u;;4l = 5.8,..... are adjacent in V — D, similarly
choose the set of vertices u, ;5 for 1#2,5 , where | = 8,11,14,.....then the set of vertices u;;; ,for1 <i< nand|l=
8,11,14,..... are dominated. Hence the set of vertices uj;, for | = 5,8,..... and u;;; , for 1<i< nand | =
8,11,14,..... are adjacent in V — D. Thus Proceeding similarly, choose the set of all vertices {u;;}, | =2,5.8,..... for
the y_set D, from the path of the type P = P5,_;, form > 1,1 <i < n. Let C;= {u; .U 5,U; 8, ... } for
1 <i< n,1=2,53,..... be the set of vertices chosen from paths of type Psy,_;, for m > 1for the y_set D.

Case (ii) If P;, = P3,, form > 1,1 <i< n,wherel=3,6,9,..... then the path P, be P, where the vertex set of
P, be{u 1 o2, u3,......u o} for 1 <i< n, such that the vertex u; ; = v;. Without loss of generality, choose
the set of vertices u; 3, for I <i< n,1=3,6,9,..... for they_set D from the path of the type P, , for m =1, from
each u; then the set of vertices u; ,, for 1 <i< n, 1=3,6,9,....and u; 4, for 1 <i< n, 13, where 1 =6,9,12,.....
are dominated. Since {u; 1} = vifor 1 <i< n, 1=3,6,9,..... are already dominated by the set of vertices {u;,}, for
I'=2, for 1 <i < nwhich is chosen for the y_set D from the path of the type Ps,,_,, for m = 1. Thus the two set of
vertices {u; |} =vifor 1 <i< n,1=3,69,.....and {u; ,} for1=3,69,.....,1 <i< nareadjacent in V- D of G.
Similarly choose the set of vertices {u; ¢} for 1 <i< n, I#3,1=6,9,12,....for the y,_set D, then the set {u; 5} for
1 <i< n, l#3 1=6,9,12,..... are dominated. Thus the sets {u; ,}and {u; s} for 1 <i < n, |#3,
=69,12,..... are adjacent in V — D. Proceeding similarly, choose the set of all vertices {u; - }.1 =3,6,9,....., for the
y, set D from the path of the type Py, =P;,,,form>1,1<i< n,[1=3,69,..... Let C; = {uj 3,U; 6,Uj, 195+ 1}
for1 <i< n,1=3,6,9,..... be the set of all vertices chosen for the Y, setD.

Case (iii) If P,=Pypyq, form=1,1<i< n,1=47,10,..... then the path Py, be P,. The vertex set of the path P,
be {uj;; Ui, Uiz s ..Uy for 1 <i < n, such that the vertexu; ;; = v;. Without loss of generality, choose the
set of vertices as same as in the Case (ii). Thus choose the set of vertices {u; 3}, for 1 <i< n, 1 =4,7,10,..... and
{uje}, for 1 <i< n, I#4, 1=7,10,13..... for the y, set D and similarly choose as same as in the case(ii) where the
set of all vertices {u;;—,} and {u;;}, for | = 4,7,10,....., are considered for the y, set D. Let C; =
{u; 13, Ui 16, Uj 195 - Uy y—1, Ui p } TOr 1 < i < n, 1=4,7,10,...., be the set of all vertices chosen for the y, set D from
the path of the type P, = P34, form > 1.

Thus the set D = C]_ U Cz U C3 where the set D = {ui’lz, Uj15,Uj,18,U4,13:Uj 165+ - - --s Wi 11-1,
Uiy}, for 1< i< n, I= 2 forms the y_set D of the unicyclic graph G, with cardinality k = y_. Thus G is k - y_
enresdowed for any k=y_.

Consider any set D, of cardinality k, =y, + 1, then there exists the following cases

Case (iii)(a) Consider any set D,, of cardinality k;; =y, + 1, wheretheset D;; =D U{u;;,}, 1 <i< n, 2 <1<,
r > 2, then there exists the following subcases.

Subcase (iii)(a;) Consider a set D;; 1 = D U{u;; -}, where 1 <i< n, 2 <1 <S;, and r = 2. Then the set of vertices
{u;;»} is adjacent to the {v;}, 1 <i < n. By considering any vertices {u;;,} which belongs to the V — D set , for
obtaining the restrained dominating set, there exists no isolates in the set V — Dy, 1. Thus the set D4, forms the
restrained dominating set of cardinality k;, =y, + 1, containing the minimum restrained dominating set D. Hence
G isky14 - v enresdowed.

Subcase (iii)(a,) Consider a set D;;, = D U{u;; .}, where 1 <i< n, 2 <[ <S§;, andr > 2, then the set of vertices
{u; ;- } is not adjacent with any of the vertex {v;}, 1 < i < n. Since the set of vertices {u;; .}, where 1 <i< n, 2 <
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[ <S;, and r > 2, belongs to the path P, it is adjacent only to its adjacent vertices in P;,. Thus by considering this set
of vertices {u; .} there exists an set of isolated vertices in the set V — D,,, and the set D, , is not a restrained
dominating set of cardinality k;;, =y, + 1. Thus G is not k4 , - v, enresdowed.

Case (iii)(b) Consider any set D,, = D U {v;},1 < i < n, which is of cardinalityk,, = y, + 1. By considering any
vertex {v;},1 < i < n from the cycle C,, n> 3, then the vertex {u;;.} forI=3andr=2,1 <i < n form an isolate
vertex in V — D,,. Therefore the set D, is not a restrained dominating set of G. Hence G is not k,, - y, enresdowed
forany ky, =y, + 1. Thus G is k; -y, enresdowed for anyk, =y, + 1.

Consider any set D, of cardinality k, =y_+ 2, then there exists the following cases.

Case (iii)(b,) Consider any set D,; = D U {v;,, vi,}, 1 <i;,i, < n, where the vertices v; , v;, belong to the cycle
Cy, N= 3. The cardinality of the set D, is k,; =y, + 2. By considering any set of vertices v; , v;, from the cycle C,
there exists an isolates in the set VV — D,;. Hence the set D,, is not a restrained dominating set of G. Therefore G is
not k,; - v, enresdowed.

Case (iii)(b,) Consider the set D,, = D U {uy, 1,r, » Ui, 1,r, }» Where 1 <ij, i, < n, 2 <11, <Sjy, 1,1, = 2.The
set D,, is of cardinality k,, =y, + 2, then there exists the following subcases.

Subcase (iii)(b,1) Consider the set Dyp 1 =D U {u; ;,r, » Uiy e, ) SUCh that 1 < iy, ip < n, 2 < 14,1, < Sjy, 14,15 2
2 and l; = L. Let ky, 1 =y, + 2 be the cardinality of the set D,, ;.Thus the vertices u; , ., and u;,, ., belong to
the same path, then there exists the following subcases.

Subcase (iii)(b,1(1)) Consider the set Dy; 11 = D U {uj ;,r, » Uiy} Where 1 <iy,i; < n, 2<1,l;, <5,
r, 1, =2 and l; = L. If the given two vertices u;, ;,r, and u;, ., are adjacent in the same path. Then the set V —
D,,, does not contain an isolate vertex. Thus the set D,,,, forms an restrained dominating set containing the
minimum restrained dominating set. Hence G is k11 - Y, enresdowed for any k,, 11 = v, + 2.

Subcase (iii)(b,1(2)) Consider the set D5 1, =D U {u;j 1, » Wiy 1,r, b Where 1 < iy, i, < n, 2 <, I, < S, 14,1, 2
2 and l; = [,. If the vertices u; ; r, , Ui, 1,r, are not adjacent in the same path, since these vertices belong to a path,
a set of vertices adjacent to u;_,; , , uj,,r, in the path forms a set of isolates. Thus the set of isolate vertices exists
inthe set V — D, 1,. Thus the set D,, ;, is not a restrained dominating set of cardinality k,, ;, =y, + 2. Hence G is
not k,, 1, - v enresdowed.

Subcase (iii)(b,,) Consider the set Dy, , =D U {u; ;,r, » Uiy e, ) SUCh that 1 < iy, ip < 0, 2 < 1y, 1, < Sjy, 14,15 2
2 and l; # [, then the following subcases exists.

Subcase (iii)(b,2(1)) Consider the set Dy;51 = D U {uj, i;r, + Uipupr, s Where 1<y, i < n, 2<1,l, <Sj,
ry, I, = 2andi; = i,, then there exists the following subcases.

Subcase (iii)(byz(11y) Consider the set Dyy544 = D U {uj 4 r, » Wi, 4,1 Where 1 <iy,i, < n, 2<1,l, <Sj,
r, 1, =2and i; = iy, such that the vertices u;, ;,, and u;, ., belong to the different paths and they are attached to
the same v;, 1 <i< nof C,, n=> 3, which result in non — existence of an isolate vertex in the set V —D,; 511.
Hence the set D,,,,, forms a restrained dominating set containing the y, set D, with cardinality k,, 54, = v, + 2.
Therefore G is k,; 211 - Yy €nresdowed.

Subcase (iii)(byz(12)) Consider the set Dyz51, = D U {uj 4y, » Ui, 1 Where 1 <i;,i; < n, 2<1I,l, <Sj,
r;, r; = 2 and iy = i, then the vertices u;_,; , , Ui, ,r, Which belong to different paths are not adjacent to any
vertex v;, 1 <1< n of C,, n= 3 then there exists isolates in V —D,; ,1,. Thus the set D, ,,, is not a restrained
dominating set of cardinality k,, 1, = v, + 2. Therefore G is not k;; ,1, - v, enresdowed for any cardinality k;; ,1,
=y, t+2.
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Subcase (iii)(b,z(2)) Consider the set Dyz5, = D U {uj 1,r, » Uiyupr,}r Where 1<, i, < n, 2<1U,l, <5y,
ry,rp =2 and iy # i,. The vertices u; , ., and u;,,, ., belong to the different paths, where the paths are attached to
the differentv;, 1 <i < n.

Subcase (iii)(by2(21y) Consider the set Dyy 551 = D U {uj 1 s Uiptyr, b 1 g, iy S 02 <1, <S5, 1,1, 22
and i; # iy, such that the verticesu; , . and u;, ., are adjacent to the vertex v;, 1 <i < n. Then there exists no
isolate in the set V — D55 ,,4. Hence the set D5 ,,, forms a restrained dominating set containing the y_set D of G.
The cardinality of the set D5 5,1 b€ k5 221 = v, + 2. Hence G is k5554 - v, enresdowed.

Subcase (iii)(by(22)) Consider the set Dy 55, = D U {ui, 1,r, + Ui, 1,r, ) Where the vertices w;, ; r, » Ui, 1,r, Which
belong to different paths of G and are not adjacent to v;, 1 < i < n, then there exists isolated vertices in the set V —
D33,222- Thus the set D,; 55, is not a restrained dominating set of G with cardinality k55 2,, = v, + 2. Hence G is not
k32,222 - v, enresdowed.

Case (iv) Consider the set D3 = D U{v; ,u;; },1 <iy,i <n,2<1<S;,r>2and {vi}, 1 <i< n, be any vertex
of the unicycle C,, n= 3. By choosing any vertex from the cycle, the set of vertices adjacent to the vertex v; form an
isolated set of vertices, where the cardinality of the set D,3 be k,3; =y, + 2. Thus the set V — D3 contains the
isolated vertices and the set D3 is not a restrained dominating set. Thus G is not k3 - y, enresdowed and G is k; -
v, enresdowed for any k, =y_+2.

Case (v) Consider any set D3 of cardinality k; =y, + 3, then the following subcases exists.

Case (v)(a) Consider the set Dsq,where D3y = D U{v;,, vi,,vi,}, 1 <y, ip,i3 < n. By choosing the vertices v;,,
vi,,vi, from the unicycle C,, n= 3 for the set D54, the set V — D3, contains a set of isolated vertices . Thus the set
D3, is not a restrained dominating set of cardinality k3, =y, + 3. Hence G is not k3, -y, enresdowed.

Case (v)(b) Consider the set Dj,, where the set Dy, = D U {uj v, » Uipioryr Uigisrs by 1 Sp iz iz < m, 2<
Ly, 15, I3 < Sjq,1q, 15,13 = 1 Of cardinality k3, =y, + 3, then there exists the following subcases.

Subcase (v)(b;) Consider the set Dj,;, Where Dy = D U {uj i, » Uiyipryr Uiglara bl Sipip i3 Sn2 <
Ll l3 < Siy, 1y,15r3 =1andr; =1, =13 #1.  If these set of vertices u;, ;,r, , Ui, ,r, and u;, ., are adjacent
either to the same vertex v; or different v;, 1 < i < n, then there exists no isolates in the set V — D3, ;. Thus the set
D, 1 forms a restrained dominating set containing the minimum restrained dominating set of cardinality k3, =v, +
3. Hence G is k3,1 - v, enresdowed.

Subcase (v)(b,) Consider the set D3, = D U {uj 1,r, » Uiyiorys Uigtgra )y 1 < ipip iz <, 2< 1,1, 13 < Sy,
ry, 1y, 3 > 1, where the set of vertices are chosen from the same path of the type P;,,_;, for m > 1, where the paths
P;1n—1 are attached to same v; or different v;, 1 < i < n then there exists isolates in the set V — D3, ,. The set D3, ,
is not a restrained dominating set of cardinality ks, , =y, + 3. Hence G is not k3, , - v, enresdowed.

Case (vi) Consider the set,D33 where D33 = D U{v; , vi,,uj;r }, 1 < iy, i5,i < n, 2 <[ <S§;, r> 1.The cardinality of
the set D33 be k33 =y, + 3. Since the vertices of the cycle are chosen, the set D33 is not a restrained dominating set.
Hence G is not k33 - v, enresdowed.

Case (vii) Consider the set D3, = D U {uj 1,r, » Uiy e, Vik 1 S g, ipi<n, 2<1,1,,< Sy, ry, 1, = 1. Thus the

existence of the vertex v; of the cycle C,, n= 3 in the set D5, results in the existence of isolates in the set V — Dg,.
Thus the set D3, is not a restrained dominating set of cardinality ks, =y_+ 3. Hence G is not k3, - v, enresdowed.

Proceeding similarly, consider any set D, of cardinalit k, = n +

U™z Py, —Si‘ — 1, then the set D, is not a
2<j< S5

restrained dominating set of G since there exists an isolate vertices in the set V — D,. Hence G is not k, - y,

enresdowed. Without loss of generality, consider a set Dg of cardinality ks , where the cardinality k. is the union of

the cardinality of the set of all vertices of cycle C,, n= 3 and the cardinality of the set of all vertices in each path
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{Pit].}, 1<i<nand 2<j<S§; except the set of all vertices {v;},1 <i < n of the cycle C, . Therefore the

cardinality ks is given by n+ |U" -, Pitj —S;|. Hence G is k - y_ enresdowed for any k , where y <k <n+
2 5j< S
U"ic1 Py —si‘
25j< S5
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